BOQ GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI QUOC GIA
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Ngay thi thir nht: 05/01/2024
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Cau 1 (5,0
V&i mbi sb thue x, ta goi [x] 14 sb nguyén 16n nhét khong vuot qua x.

1
a, +a,

o A w . " 1 . 1 [ &
Cho day s6 {a,}  xic dinh boi: a, = m,‘v’n >1.biat b, = ?(;ak - j,Vn >1.

a) Tim mot da thire P(x) véi hé sé thuc sao cho b, =P (%j,‘v’n >1.
b) Chimg minh rang ton tai mot day s6 nguyén dwong {nk ;1 tang thuc su sao cho
lim b, = &24
k—>e " 2025
Cau 2 (5,0 diém)
Tim tAt ca céc da thitc P(x), O(x) v6i hé sb thuc sao cho v6i mdi s6 thuc a thi P(a) 1a nghiém
ctia phuong trinh: x°% + Q(a).x* + (a®®* +a)x +a’ +2025a = 0.
Cau 3 (5,0 diém)
Cho ABC 1a tam giac nhon véi tim dudng tron ngoai tiép O. Goi 4' 1a tim cia dudng tron di
qua C vatiép xiuc 4B tai A4, goi B' 1 tAm cta dudng tron di qua A vatiép xtic BC tai B, goi
C' 1a tdm dwong tron di qua B va tiép xic CA tai C.
a) Chtng minh ring dién tich tam gidc 4'B'C’ 16n hon hodc bing dién tich tam gidc ABC.
b) Goi X,Y,Z 14n luot 12 hinh chiéu vudng géc ctia O 1én cac dudng thang 4'B’, B'C',C'A’.
Biét ring dudng tron ngoai tiép tam gidc X¥Z l4n luot cét lai cac dudng thing
A'B',B'C',C'4' tai cac diém XY, Z'(X'# X,Y'#Y,Z'# Z). Ching minh rang cac
duong thang AX',BY',CZ' ddng quy.
Cau 4 (5,0 diém)
Ngudi ta xép & vién bi vao céc 6 ctia mot bang 2024 x 2024 6 vudng sao cho hai diéu kién sau
dugc théa man: mdi & khong cé qua mot vién bi va khong cé hai vién bi nao duge xép & hai 6
k& nhau (hai 6 duoc goi 12 k& nhau néu chiing c6 chung mét canh).

a) Cho k = 2024. Hay chi ra mot cach x8p théa man ca hai didu kién trén ma khi chuyén bét
ki vién bi d& duge x8p nao sang mot 6 ty y ké véi no thi cach xép méi khong con théa man ci
hai diéu kién néu trén.

b) Tim gi4 tri k& 16n nhét sao cho véi moi cach xép k vién bi théa man hai diéu kién trén ta
c6 thé chuyén mot trong sb cac vién bi da duoc xép sang mot 6 ké v6i nd ma cach xép mé6i van
khong c6 hai vién bi ndo dugc xép & hai 6 ké nhau,
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* Thi sinh KHONG dwoc sir dung tai liéu va mdy tinh cam tay;
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Cau 5 (6,0 diém)
Véi mbi da thite P(x), ta dit
P(x)=P(x), VxR,
P, (x)=P(R(x)), Vx e R;

Py (%) = P(Pyps (%)), Vx e R.

Cho a 14 sb thuc 16n hon 2. Tén tai hay khong mot da thire P(x) véi hé sb thuc thoa mén diéu
kién: v6i mbi ¢ € (—a ; a), phuong trinh Py, (x) =1 ¢6 dung 2**** nghiém thuc phén biét?
Cau 6 (7,0 diém)
V6i mdi sb nguyén duong n, goi r(n) 1a s6 cac ude nguyén duong cla n.

a) Giai phuong trinh nghiém nguyén duong 7(n)+2023 =7 vé6i n la 4n sb.

b) Chiing minh ring ton tai vo s6 sb nguyén duwong k sao cho c6 dung hai s6 nguyén
duong n théa méan phuong trinh 7(kn)+ 2023 = n.
Cau 7 (7,0 diém)
Trong khong gian, cho da dién 16i D sao cho tai mdi dinh ctia D c6 dung mot s6 chén cac
canh chira dinh d6. Chon ra mot mat F cua D. Gia st ta gan cho mdi canh ctia D mdt sb
nguyén duong sao cho didu kién sau duoc thda man: v6i mdi mit (khdc mat F) cua D,
téng cac sb duoc gan véi cdc canh clia mit d6 1a mot s6 nguyén duong chia hét cho 2024.
Ching minh ring tdng cac s6 duoc gan véi cac canh cua mat F cling l1a mot s6 nguyén
duong chia hét cho 2024.
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‘GIAO DUC VA PAO TAO KY THI CHQN HQC SINH GIOI QUOC GIA
‘ TRUNG HQC PHO THONG
NAM HOC 2023-2024

HUONG DAN CHAM PE THI CHINH THUC
Moén: TOAN
Ngay thi thir nhét: 05/01/2024

(Hudng ddn chdm thi ¢é 09 trang)

I. HUONG DAN CHUNG

1. Gidm khao chdm dung nhu Dép 4n - Thang diém ctia Bo Gido duc va Pao tao.

2. Néu thi sinh ¢6 c4ch tra 1&i khéc nhung ding thi gidm khao vAn chim diém theo Huéng
dan chim.

3. Gidm khao khong quy tron diém thanh phan clia timg cu, diém ctia bai thi.
IL. PAP AN - THANG PIEM

Ciu | Y Pap an

L |a | v6imdin>1, ton tai duy nhit k € N sao cho 4% <n <4 Khidé
k+1

a, =4, hay L =2 DEthdy a, =1,a, = 4. Khi do:
n n
Wb, =4°+ (41 =4°).4" + (4 —4").47 + .+ (4 — 4 4¢
+(n—4").4 —%

=143(4 440+ 42 ) -2 g gt -%

=n.4*" —Lm
4/(+l 1 4k+l 2 a 1 a 2
Suyra b, = — =4——(—”—j , Vnz2,
n S5 n n 5\n
2
Khi n=1 tacé: b, =g, —l=g—'—l(ﬁ) .
5 1 - 901
Viy da thic P(x) = —éxz +x thoaméan b, = P(-‘i), Vnx1.
n
b 202
bit d = —4 Khi d6 phuong trinh X —lX 2 =d ¢6 hai nghiém
2025 5
X, = SFV25-20d e(l; 4),
’ 2
Nhén xét: I{n,},  — co: klim =X,

—-)conk




That vdy, do 1 < X, <4 nén néu chon

k
n, {4_} LVk21= 4" <n <4 = a, =4" Tace:
1

. a"
Viy lim —£=X,.

k—>+w nk
2
. ank 1 ank 1 2 .
Suyra lim | —%+——| 2| [=X,—=X =d= lim b, =d.
k—+» nk 5 nk 5 k—+4+m 'k

Tong diém Cau 1: 5,0 diém

Gia str P(x), O(x) 1a hai da thtrc v6i hé s thyc théa man didu kién bai toan.
Véimoi a € R, doP(a) 1a nghiém cuia phuong trinh:

X2 +0(a). x* + (@™ +a)x+a’ +2025a =0 nén

P (a)+ Q(a). P*(a)+ (@™ +a). P(a) + @’ +2025a =0

& P(a)[PP2(a)+ O(a). P(a)+ (a®™ + a)] = —(a® +20254).

Suy ra da thic x* +2025x chia hét cho da thic P(x) (¥).

a) Xét P(x)=c e R. D& thiy ¢ # 0.Ta cé:

¢+ 0(a). A+ (@™ +a).c+a* +2025a=0

S 0(a)= —-%azm —clch —(l+ 2035}1—02021, VaeR.

¢ c
P(x)=c#0
Va
ay Ox) = _lx2024 _izxa _(l+ 20225)x—02021.
c ¢ c c

b) Xét P(x)=ax+ [ (a #0).
Tu (*) tasuy ra f=0. Khi d6
a®a® + Q(a). &’a’ + (@ +a). aa+a® +2025a =0

& 0(@) =—— P —g™ig™ —lza-—l——&fs, Va eR\{0}.
(94 a a oada
Suy ra Q(x) = 1 x202 20 20 —sz L 2035 .l, Vx € R\{0}.
(04 (94 a a X

Vay O(x) khong 1a da thic. Py la diéu vo ly.

¢) Xét P(x) la da thirc bac 2.
Tur (%) ta suy ra P(x) = a(x* +2025) (o #0). Ta cé:

2




P*(a)+ Q(a). P*(a) +(a™™ +a). P(a) +a* +2025a =0

& P2 (a)+ Q(a). P(a)+(a®™ +a) +éa =0

& @™ (@ +2025 + Q(a). a. (a* +2025) + (@ +a)+—a=0
(24

& o’ (a” +2025)"% + 0(a). a.. (a® +2025) = —[am“ + (1 + lj a}
o

Suy ra da thirc R(x) = x*® + (1 + i)‘c chia hét cho da thirc
a

S(x) = x* +2025.
Ta cé:

4\ 2506 1 2506
R(x)z[(x )" - (2025%) }{(Ha)m(zozs ) }

Suy ra da thiic ( 1 +l) x +(2025%)°% chia hét cho da thiic S(x).
a

Dicu nay la vo Ii.

d) Xét P(x) la da thiic béc 3.
Tur (*) ta suy ra P(x) = a(x’ +2025x) (& #0). Vimoi a # 0, ta co:
P (a)+Q(a). P*(a)+ (@™ +a). P(a)+a’ +2025a =0

< PP (a)+Q(a). P(a)+(a®* +a) +L=0
a
& ™2 (d® +20250)2 + 0(a). a. (a® +2025a) + (a®™ +a) + 1o
(24
o a[a””a”” (a® +2025)*% + O(a). .. (a* +2025) + (a**® + 1)]

+i=0,‘v’a¢0.
a

Didu nay 1a vo Ii.
P(x)=c#0

Két ludin:

0(x) =——l-x2024——17x3—(l+20;25)x—02021.
c c c c

Tong diém Cau 2: 5,0 diém

Xét thé hinh nhu duéi day:




Goi a,b,c va R 1an luot 12 do dai ba canh BC,CA, AB va ban kinh dudng tron
ngoai tiép ctia tam gidc ABC. Ta thdy hinh chiéu ctia O4' trén AB c6 do dai

bang Q Do d6 OA4' = 43 =—R—c.
2 2sind a
Tuong tu OB’ =€£,OC’ =£é. D& thiy AO0B =180 4. Ap dung dinh ly
c

ham s6 cosine cho tam gidc OA'B’, ta dugc:

2 2
R
AB = R\/%+"—2+25cosA =—\/ch2 +at+a’ (b +c’ -d*)
5 b ab

Tuong ty,tacé: B'C'=R,|5+—5+—a;CA=R,|5+—5+b.
a b” ¢ a b” ¢

A

AB  BC' CA
Do vay = = =

AB  BC CA
T [04+ OB +0C| 20, suy ra 3R +2K* (0524 +¢0s2B+cos 2C) 2.

A, v6i A=R,[—

Hay ta cd: cos2A4+cos2B+cos2C > —%. Do dé:




1 1 1 1 1 9
:_\/'2+'2+‘22_J‘2 ) o 2
2\Vsin“4 sin“B sin“C 2 \sin” A+sin® B+sin’C

1 i AT
2\ (1-cos24)+(1-cos2B)+(1-cos2C) 2\3+3/2

Suy ra AA'B'C" ~ AABC (c.c.c) v6i hé s6 dong dang A >1. Do d6 A4'B'C’

c6 dién tich 16n hon hqéc bang dién tich ’AA‘BC . .

Ch y: Hoc sinh ¢6 thé chiing minh hé s6 dong dang A >1 bang cach khéo sat

1

tinh 10i ctia ham 8 f'(x) = —
sin” x

Ta chimg minh bo dé sau. ,

Bo de. Neu S,T la hai diém lién hop ding gidc trong tam gide MNP thi cdc
hinh chiéu ciia S,T lén cdc dwong thing MN, NP, PM cimg nam trén mot
dwong tron cé tam la trung diém I cia ST.

That véy, goi 7 1a trung diém cua ST goi S$1,5,,:; 1a hinh chidu cia S nén
NP,PM,MN; goi T;,T,,T; 1a hinh chiéu ctia 7' 1én NP,PM,MN. Ta thdy
hai tam gidc vudng SPS, va TPT, ddng dang ngugc huéng (vi 1 anh ctia nhau
qua phép vi ty dbi xting v6i tm P va truc 13 phén gidc goc m ). Suy ra
(SP,SS,) =(TT,,TP) (mod 7).
Hon nita, vi céc tt gide S,SS,P,T,TT, P ndi tiép nén:

(5T, P) = (T, TP) = (SP.5S,) = (5,7,5,5,) (mod 7).

Hay (T}E,ﬂSI):(SZTZ,SzSI) (modﬂ'). Vay bbén diém 858,71, T, cling
nam trén mot duong tron 6 tam 1a giao diém ciia trung truc ST} va trung tryc
S,T,, hay bén didm S1,8,,15, T, cing ndm trén mot duong tron tdm /. Tuong
tu, bon diém S,,S,,7;,7; cing ndm trén mot dudng tron tim 1 , bbn diém
S,,1,,8,,T; cing ndm trén mot dudng tron tam . Viy sau diém
81585584, 0, T, T, eling nam trén mot duong tron tdm /. B6 dé dugc ching
minh.




Quay lai chimg minh cia bai todn. Goi J 1a giao diém khac A cua cac duong
tron (A',A'4) va (B',B'B). Tacé

CJA_180°—%_180° OA'A =180° — CAB.

Tuong tu AJB =180° — ABC. Suy ra
BC'C

BJC =360° — CJA— AJB = CAB + ABC =180° — BCA = 180° —
Do d6 JE(C',C'C’). Vay ta ¢c6 A'B',B'C',C'A' 1an luot 14 trung truc cla
JC'B

JA,JB,JC. Do d6 JC'B' = — JCB.

Mit khac JCB= A'C'O (vi JC L C'4',CB 1 C'O).

Suy ra JC'B = ACO.

Tuong ty JB'A' = C'BO,JAC' =B A0, hay J va O 1a hai diém lién hop
déng gidc trong tam gidc A'B'C’, .

Do d6, theo b6 dé ta thay X',Y’,Z’ 1a hinh chiéu cta J 1én A'B',B'C',C'4".
Vi vay (J, A, X'), (J, B, Y’), (J, C,Z’) 1d cic by ba thing hang. Vay
AX',BY',CZ' ddng quy tai diém J.

Chii y: Hoc sinh c6 thé chimg minh O,J 14 hai diém lién hop ding gi4c trong
tam gidc A'B'C’ bang céch chiing minh bd dé: “diém lién hop ding gidc trong
tam gide A'B'C' cua diém J 1 tdm ciia dwong trom di qua cde diém doi ximg
ciua J qua cdc canh cia tam gigc A'B'C'.”

Tong diém Céu 3: 5,0 diém

Ta xép 2024 vién bi trén céc 6 ctia duong chéo chinh. R6 rang cach xép nay thoa
mén didu kién: khong c6 hai vién nao dugc xép & hai 6 k& nhau. Khi d6 néu di
chuyén bét ky vién nao sang mot trong céc 6 ké véi né thi s& ¢6 hai vién bi & hai
6 ké nhau.

Ta s& chiing minh néu dat 4045 vién bi tuy y vao bang 6 vudng 2024 x 2024
sao cho khong c6 hai vién bi nao duogc dit & hai 6 k& nhau thi c6 thé chuyén mot
vién bi sang 6 k& n6 d& didu kién bai toan dugc thoa man.

Phan chiing: Gia str khong thé di chuyén bit ky vién bi nao dé thoa man
bai toan. Ta t6 mau bang vudng theo quy tic ban cd, véi 6 & hang dudi cling cot
ngoai cung bén trai dugc t6 mau den. Khi d6 bang vudng c6 mot dudng chéo
chinh D gom 2024 6 mau den di tir 6 ndy 1én 6 ¢ hang trén cung & cot ngoai cung
bén phdi. Bang c6 2024 dudng chéo phu tlang song song v&i dudng chéo D néi
trén, trong dé ¢6 1012 duong chéo phuy tring bao gdm lan luot L3,...,20236
trdng nim & bén trén duong D, va 1012 dudng chéo phu tréng ndm duorl duong
D. Ngoai ra bang ciing c6 2023 dudng chéo cing huéng véi D bao gdm céc 6
den.

Gia str bang vudng ¢6 W vién bi dit ¢ céc 6 tring va B vién bi dat & cc
6 den, v6i W + B = 4045. Khong mit tinh tdng quat, ta c6 thé coi W > B
(trong trudng hop W < B ta sé thay D béi duong chéo chinh thi hai gdm céc 6
tréng di tir 6 dudi cling ngoai cting bén phai 1én 6 trén ciing ngoai ciing bén phai
va lap luén tuong tu).




Xét cdc trweong hop sau:
L. B > 0. Khi d6 tir diéu kién suy ra B <
2023. Theo nguyén ly Dirichlet, phai c6 it nhét
mot duong chéo phu den cing hudng voi D 1a
tréng. Suy ra phai c6 mot cdp dudng chéo lién t1ep
nhau Ty va T, gom cdc 6 den sao cho T; la tlong
con T, ¢6 it nhat mot vién bi (vi du ching déu
nim dudi dudng chéo D nhu trén hinh v&). 0 X
Néu T; c6 nhiéu 6 hon T,, ta chon vién bi 0
ndm trén cing cua dudng chéo Ty, dich chuyén 0
né 1én trén vé phia T; va nhan dugc mot cach sép xép mai van thoa méan diéu
kién bai toan.

Néu T; c6 it 6 hon Ty, khi d6 mdi dudng chéo
phu den ciing huéng v6i D ndm bén phai cia D
va phia trén ctia T, phai ¢6 it nhit mot vién bi
(néu khoéng s& dua vé truong hop & trén khi Ty
% 0 nhidu 6 hon T, ). Suy ra trén dudng chéo T, phai
5 0 c6 du bi. Goi s0 bi trén T Ia 2k (voil <k <
% 0 1011). Suy ra tong sO bi trén cdc 6 den & nua
x 0 dudi bén phai cuia bAng vudng khong it hon

2k + (1011 — k) x 1 =1011+ k > 1012
Suy ra s6 bi nim & céc 6 den ¢ nira trén dudng chéo D nhé hon 2023 — 1012 =
1011 vién. Do d6 ¢6 it nhat mot duong chéo den ndm trén D khéng c6 bi. Lai
1ap luan tuong tu suy ra tbng s6 bi & trén cdc 6 den & nla trén bén trai clia bang
vuong khong it hon 1012 vién. Vi vdy B = 2024 (mau thuén).

11, B = 0. Khi d6 W = 4045. Xét tht ca 2024 duong chéo tring clng
huéng véi D (ta goi tit 1a cdc dudng chéo tr. ang)

a. Xét truong hop mdi dudng chéo tring déu c6 it nhat mot vién bi. Do chi
c6 tbng cong 4045 vién bi, nén phai c6 it nhéit mdt duong chéo txang cé ding
mdt vién bi. Khong mét tinh tdng quat, gia str duong chéo ndy ndm bén trén
duong chéo chinh D.

Goi c4c dudng chéo trdng ndm trén D 14n luot 13 uy, Uy, .., U1, (dudng
chéo u,, ¢6 2n — 1 6 trdng). Khi d6 néuu,, (2 < n < 1012) ¢6 mdt vién bi thi
U1 cling chi ¢6 thé chira mot vién bi (vi ndu u,,_; chia it nhét hai vién bi thi
mdt trong cac vién bi nay c6 thé di chuyén sang phai hodc xubng dudi mot 6 vé
phia u,, dé khong c6 hai vién bi ndo k& nhau).

Néu tit ca cac dudng chéo uy, Uy, .., Uy g1 déu chi chira mdt vién bi,
bang 1ap luén tuong tuy nhu trén ciing suy ra 1an lugt tit ca céc duong chéo tring
ndm dudi D ciing chi chira mdt vién bi. Do d6, tbng s& vién bi nhé hon 4045
(méu thuan).

Vay phai c6 mét trong cac dudng chéo uy, Uy, .., Usgrz ¢6 nhidu hon mot

vién bi.

Gia sir [ 1a chi s§ d4u tién sao cho u; ¢6 nhidu hon mdt vién bi. Suy ra
2 <1 <2012 va cac duong chéo uq, uy,..,u;—, cé ding mot vién bi theo lap
luén trén. Hon niia, cling tr [ap ludn & trén, dé y téi vi tri ddc biét cia dudng
chéo u, , ta suy ra tit ca céc vién bi duy nhat trén céc dudng chéo uy, uy, .., uj—q
du phai nim & 6 trung tAm ciia cc dudng chéo nay dé khong thé dich chuyén
1&n trén hodc sang trai dugc.




Goi céc O trang trén dudng chéo u; theo thu ty tir dudi lén la
Ay, Ay, o, Qy—q, Ap, Gy Apyq, -, Gz—1 (nhéc lai ring dudng chéo u; c6 diing 21 —
1 6 tréng), trong d6 6 a; & vi tri trung tm clia dudng chéo nay.

Ta cé nhén xét sau day:

. Néu 6 aj khongeo bi (2 < j < [ —1)thi
0 aj_4 cling khdng th€ c6 bi, vi néu khong ta c6
X thé di chuyén vién bi & 6 a;_q lén trén vé phia
X dudng chéo u;—;. Do d6, néud a;co bi(1 < j <
l = 2) thi 6 a4, cling phai c6 bi.

. Néu 6ajcobi (2<,<1—1)thid
a;_4 cling phai c6 bi, vi néu khong ta c6 thé di
chuy€n vién bi ¢ & a; sang trdi vé phia gan dudng chéo u;_.

Suy ra céc 6 ay, ay, ..., a;—1 hodc ddng thoi c6 bi hodc khong ddng thoi
c6 bi. Tuong tu, cdc 8 a;4q, ..., dgy—q cling ddng thoi ¢6 bi hodc khong dong thoi
¢6 bi. Nhung néu céc 6 ay, a,, ..., a;_; déu khong c6 bi, thi 6 a; phai c6 bi, vi
néu khong ta c6 thé di chuyén vién bi & 6 trung tdm ctia dudng chéo u;_, xubng
dudi vé phia duong chéo u; dé c6 cach xép bi thoa man ca hai diéu kién dit ra.
Tuong tu néu cic 6 ay4q, ..., dgy—q déu khong c6 bi, thi 6 a; phai c6 bi.

Nhu vay ta c6 cdc kha ndng sau day:

b A1, Az, ey Ayq, Qpgq, -or) Azy—q GONE thdi ¢ bi. S bi trén u; bang 21 — 1 hoic
21 — 2 phu thudc vao cé bi hay khong & a;.

p Céc 6 lién tiép ay, az, ..., a1, @; €6 bi, CAc 6 ayyq, ..., Az—q khong c6 bi. S6 bi
trén u; bang [.

» Céc 6 lién tip a;, a4y, ..., Gzi—1 €6 bi, céc 6 ay, @, ..., ;1 khong c6 bi. S6 bi
trén u; bang L.

p Cac 0 ay,ap, .., 11, Ay e s G211 ddng thoi khong c6 bi: Loai, do trén u,
phai co it nhat hai vién bi). .

Do 2l—22=1 vé6il > 2, nén trén duong chéo u; c6 it nhat [ vién bi.
Suy ra trén mdi dudng chéo trong s8 U1, U4z, .., Uro12 Phai co it nhét 2 vién
bi. Vi vdy sb bi c6 mit & nira trén ctia dudng chéo D khéng it hon

-1D+14+ (1012-1) x 2 =2023

Suy ra s6 bi c6 mit & nira dudi cia dudng chéo D khong vugt quéa
4045 — 2023 = 2022 vién. Do d6 phai c6 it nhit mot trong s§ 1012 dudng
chéo tréng nim duéi D ¢6 diing mot vién bi. Tuy nhién, béng lap luén twong tu
nhu dbi véi cac dudng chéo ug, Uy, .., Uig1z, ta cling suy ra néu c6 mot dudng
chéo tring trong sb cac dudng chéo tring nim dudi D ¢6 mot vién bi thi sb bi ¢6
mét & nira dudi ciia duong chéo D khong it hon 2023 vién. Ta nhan dugc mau
thuan,

Gia st c6 mdt duc‘mg chéo trang 1a tréng, vi du mot trong cdc duong chéo
Uy, Uz, .., Ugo12. Ta thy tat ca céc duong chéo nay khong thé cing tréng, vi néu
khéng ta c6 thé di chuyén mét vién bi & nira dudi ctia duong chéo D vé phia
nira trén clia bang vudng. Xét mot cip dudng chéo tring lién tiép (g, U1 »

1 < k <1011, trong d6 c6 trong d6 mot duong chéo 1a tréng bi, mot dudng c6
it nhat mot vién bi. Lap luén tuong tu nhu tr uong hop I, ta cling thdy chi cAn xét
tinh hudng khi w;, khéng c6 bi con w4 c6 it nhit mét vién bi. Khi do, dé khong
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thé di chuyén bi tir dudng chéo uy, sang mot 6 den ndm & dudng chéo den xen
gitta Uy, Up 41, ta  phai c6 U1 co day dua 2k + 1 vién bi.

Khi @6 dé dang thay mdi dudng chéo w v6i k+1<j <2022 phai
c6 it nhét 2 vién bi. Suy ra s6 bi & nira trén bén trai duong chéo D khéng it hon
2k + 1+ (1012 — k — 1) x 2 = 2023 (vién).

Tir d6 ta lai thdy sé bi & nira dudi bén phai duong chéo D khong vuot qud
4045 — 2023 = 2022 (vién). C6 tit ca 1012 dudng chéo tring nam dudi D,
suy ra phai c6 it nhat mot trong céc dudng chéo tring ndm dudi D c6 khong qua
1 vién bi.

Néu mot trong cac dudng chéo tra 4ng ndm dudi D 1a tlong, ta 4p dung lap
luén tuong ty nhu d6i véi nira trén D ciia bang vudng, s& suy ra s bi & nira dudi
bén phai dudng chéo D khéng it hon 2023 (vién).

Néu tit ca dudng chéo trdng nim dudi D déu c6 it nhét 1 vién bi, suy ra
¢6 mot dudng chéo tring nim dudi D c6 ding mot vién bi: ta quay lai tinh hubng
da xét & truong hop a) va suy ra s6 bi & nira duéi cia duong chéo D khéng it
hon 2023 vién. Ta lai gip mau thuin.

Vay néu dit k = 4045 vién bi tuy y vao bang 6 vudng 2024 X 2024
sao cho khdng c6 hai vién bi nao duoc dat & hai 6 k& nhau thi ¢6 thé chuyén mot
vién bi sang 6 k& n6 d& didu kién ba1 toan dugc thod man.

Ta s& chimg minh 4045 14 s 16n nhét, nghia 12 v6i moi k > 4046,k <

2

222% luén tdn tai cach xép khong thoa man bai todn (13 rang ring dé xép k vién

bi sao cho khong c6 hai vién ndo & céc 6 ké nhau, ta phai ¢6 k < 20242).
X X X b | Trudc tién, ta d4t 2 vién bi tai céc vi tri danh du
X X X a, b nhu trén. Tiép theo ta s& dat lién tiép cac
X X x | vién bi trén m dudng chéo phu xép lan luot
X X X cdch mot nim dudi dudng chéo chinh D (theo
X X x | tho tu giam dan vé& sb 6) va trén n dudng chéo
X X X phu xep 1an lugt cich mdt nam trén dudng chéo
X X D (l4n luot theo thir tu giam dén vé& sé 6), véi
a X X 1<m<1011,1<n <1011. Trén hinh v&

biéu thi truong hop m = 2 van = 3.

Cudi cling ta dat thém [ vien bi (0 < | < 2022) trén dudng chéo chinh néi a va
b (khac vi tri clia @ va b). Khi d6 téng s6 vién bi 1a Y7, (2024 — 2i) +
27=1(2024 = 2/) + 2+ 1 = (2023 —m)m + (2023 —n)n+ 2 +1 =
F(m,n, ).
Khi m nhén moi gié tri tir 1 t6i 1011, n nhan moi gid trj tir 1 t&i 1011 va
[ nhan moi gia tri tir 0 t6i 2022, rd rang F (m, n, 1) vét tat ca cac gid tri k tir 4046
20242

t6i . D2 thdy véi cach xép nhu trén, ta khong thé chuyén mot vién bi bét ky
sang mot 6 k& dé thoa man didu kién bai toan.

VAy kpax = 4045.

Tong diém Cau 4: 5,0 diém

Toéng diém ngay 1: 20 diém




MGIAO DUC VA PAO TAO KY THI CHQN HQC SINH GIOI QUOC GIA
TRUNG HQC PHO THONG
NAM HOC 2023-2024

HUONG DAN CHAM PE THI CHINH THUC
Moén: TOAN
Ngay thi thir hai: 06/01/2024

(Huwdng ddn cham thi c6 06 trang)

L. HUONG DAN CHUNG

1. Gidm khéo chdm dung nhu Pép an - Thang diém cua Bo Gido duc va Pao tao.

2. Néu thi sinh c¢6 cach tra 10i khic nhung dtng thi giam khao van chdm didm theo Huéng
dan chim.

3. Gidm khao khéng quy tron diém thanh phin cia timg cau, didm cua bai thi.
IL PAP AN - THANG PIEM

Ciu | Y Pip 4n

5 Xét da thie P(x) = x* —a.

Ta chimg minh: v6i mdi 7 € (—a ; a), phuong trinh Py, (x) =1 c6 ding2°*
nghiém thuc phan biét.

D& thdy deg P,(x)=2",Vn>1.

Xét ddy da thic {P,(x)}, dugc x4c dinh nhu sau:

P(x)=P(x), VxeR;

Vnz1:P, (x)=PP,(x), VxeR.

Ta chtng minh khéng dinh sau: v6i m8i n € N°, véimdi ¢ € (—a $ a),
phuong trinh P, (x) =1 c6 ding 2" nghiém thyc phan biét thudc khoang
(—asa).

Ta chiing minh khang dinh trén bng quy nap theo n.

+) Véi n=1: phuong trinh B(x) =t c¢6 dung hai nghiém thuc phan biét 1a

X, =tVa+t e(-a;a).

+) Gia st phuong trinh P,(x) =7 cé dung 2" nghiém thyuc phén biét thudc
khoéang (—a;a) voi moi £ € (—a ; a).

Xét phuong trinh P, (x) =t < (P,(x))* —a=t < (P,(x))’ =a+1t (¥).

Do te(—a;a)nén a+t>0 va do d6 —a<—Ja+t <0<+a+t<a. Theo
gia thiét quy nap ta ¢6: m&i phuong trinh P, (x) = Ja+t; Px)= —Ja+t ddu
¢ 2" nghiém thyc phan biét thudc khoang (—a;a).

P(x)=—a+t

B,(x)=a+i

Taco: (*) ©




Suy ra phuong trinh P,,,(x) =¢ ¢6 2" +2" = 2" nghiém thyc phan biét thudc
khoang (—a; a). Vay khéng dinh dugc chimg minh.

Tong diém Ciu 5: 6,0 diém

Do tép cac uée nguyén duong ctia 7 ¢6 thé viét dudi dang

n
S = {a’,; 1<d <n,d | n}, taco 7(n) < 2/n. Tr phuong trinh suy ra
n>2023 va

nSZ\/;+2023:>(\/;—1)232024:>nS2115.

Néu 7 chin thi 7(n) 1é nén # 1a s chinh phuong chin. Piéu nay khong xay
ravi 46° > 2115,44% < 2023.
Néu n lé thi n=p™..p," v6i 3< p, < p, <+ < p, 1a céc sb nguyén t5,
o el
Néu s2>5 thi #>3.5.7.11.13 > 2115, loai.
Néu s =4 thido 3%.5.7.11> 2115 taphdicé @, =, =a, =, =1. Liic
ndy 7(n) =16 nén n=2039 1a s6 nguyén t5, loai.
Néu s =3 thi do 3*.5.7 > 2115 ta phai c6 o, +, +a; < 5.
- V6i (a4, a,,0) =(1,1,3) hodic hoan vi thi 7(n) =16 nén n= 2039,
loai.
- Véi (a,0,,05) =(1,2,2) hodic hoan vi thi 7(n) =18 nén
n=2041=13.157, loai.
- V6i (e, a,,0) =(1,1,2) hodc hodn vi thi 7(n)=12 nén
n=2035=5.11.37, loai.
- V6i (e, 0,0,) = (1,1,1) thi 7(n) =8 nén n=2031=3.677, loai.

Néu s =2 thido 3°5>2115 taphaicé @, +a, <6.

- V6i (@,@,) =(1,5) hogc hoan vi thi 7(n) =12 nén
n=2035=5.11.37, loai.

- Véi (a,2,)=(2,4) hojc hoan vi thi 7(n) =15 nén
n=2038=2.1019, loai.

- Véi (aq,05) =(3,3) thi 7(n) =16 nén n=2039, loai.

- V6i (al,az) =(1,4) hogc hoan vi thi 7(n) =10 nén
n=2033=19.107, loai.

- Véi (@,@,)=(2,3) hoiic hoan vi thi 7(n) =12 nén
n=2035=5.11.37, loai.

- Véi (a,@,) =(1,3) hogc hoan vi thi 7(n) =8 nén
n=2031=3.677, loai.




- Vi (&,%)=(2,2) thi 2(n) =9 nén n=2032=2%127, loai.
- Vi (a],az) = (1,2) hodc hoén vi thi 7(n) = 6 nén n=2029, loai.
- Vi (og,0,) =(L1) thi 7(n) = 4 nén n=2027, loai.
Néu s=1 thido 37 > 2115 taphaicé o <6. Do 7(n) chin nén o, 1&.
- V6i =5 thi 7(n) =6 nén n=2029, loai.
- Véi o =3 thi 7(n) =4 nén n=2027, loai.
- Véi a, =1 thi 7(n) =2 nén n=2025=23"5", loai.

Viy khong c¢6 sb nguyén duong # thdéa mén phuong trinh.

Ta ching minh véi k= p 1a s6 nguyén td > 2030, thi pt 7(kn) + 2023 =n ¢6
dung 2 nghiém. That vy, néu p|n thi n=p“m véi (m,p)=l,a e Z".

Ta cé: (a +2)t(m)+2023 = p“m = m(p* —a—2) <2023.Vs ly.

Vay 1 khong chia hét cho p. Pt trd thanh 27(n) +2023 = n. Suyra n 1é va
2

n<4ln+2023= (Vn-2) <2027 = n<2211.

Viét n=p™..p" v6i 3< p, < p, << p, lacicsdnguyén td, o, € Z".
Néu s>5 thi n>3.5.7.11.13 > 2211, loai.
Néu s=4 thido 3%5.7.11>2211 taphiicé @, =@, =a; =, =1. Lic
ndy z(n)=16 nén n=2055=3.5.137, loai.
Néu s =3 thi do 3*.5.7 > 2211 taphdicé o, +a, +a; <5.
- Vi (e4,0,,0) =(1,1,3) hogc hoén vi thi 7(n) =16 nén
n=2055=3.5.137, loai.
- Véi (al,az,a3) = (1,2, 2) hoéc hodn vi thi 7(n) =18 nén
n=2059=29.71, loai.
- Véi (al,az,ag) :(1,1,2) hoéc hoén vi thi 7(n) =12 nén
n=2047 =23.89, loai.
- Vi (o, 0,,05) = (1,1,1) thi 7(n) =8 nén n=2039, loai.

Néu s =2 thi do 3%5 > 2211 taphdi cé o, +, <6.

- V6i (4, ,) =(1,5) hodc hoan v thi 7(n) =12 nén
n=2047=23.89, loai.

- Vi (o4,0,) =(2,4) hoic hoan vi thi 7(n) =15 nén n= 2053, loai.

- Vi (oq,05)=(3,3) thi 7(n) =16 nén n=2055=3.5.137, loai.

- Vi (g,0) =(1,4) hogc hoan vi thi 7(n) =10 nén
n=2043 =3%227, loai.

- Véi (05,,042) 2(2,3) hodc hoan vi thi 7(n) =12 nén
n="2047 = 23.89, loai.




- Vi (a,0,) =(1,3) hoic hoan vi thi 7(n) = 8 nén n=2039, loai.

- Véi (a,,)=(2,2) thi 7(n) =9 nén n=2041=13.157, loai.

- Vi (og,,) =(1,2) hoje hoan v thi z(n) = 6 nén
n=2035="5.11.37, loai.

- Véi (@, 2) =(L1) thi 7(n) = 4 nén n=2031=3.677. Théa mén.

Néu s =1 thido 3* > 2211 ta phai c6 & <7.
- Véi =7 thl 7(n) =8 nén n=2039, loai.
- V6i a; =6 thi 7(n)=7 nén n=2037=3.7.97, loai.
- Véi o =5 thi 7(n) =6 nén n=2035=5.11.37, loai.
- Véi oy =4 thl 7(n) =5 nén n=2033=19.107, loai.
- Véi oy =3 thi 7(n)=4 nén n=2031=3.677, loai.
- Véi =2 thl 7(n) =3 nén n=2029, loai.
- Véi a; =1 thi 7(n) =2 nén n=2027. Théa mén.

Viy c6 dting hai s nguyén duong # théa man phuong trinh.

Tong diém Cau 6: 7,0 diém

B& dé: Ta c6 thé gan nhan cho mdi mit cia D boi mot trong hai gia tri +P
hodic —P, sao cho hai mat bat ky c6 chung mdt canh luén duge gan nhén khac
nhau.

Chitng minh bé dé: Gia siv D 1a da dién gdm céc dinh 4,4,,....,4,. Chon O
12 mo6t diém bén trong D. Dung mét hinh cdu S’ tim O bén kinh R nim bén
trong D. N6i O4, cét mat cdu S tém O bén kinh R tai C, (1< k <n). Khi
d6 da dién D s& tuong (g v6i mdt “da dién cong” E véi cdc dinh 13
C, (1= k< n),céc “canh” twong tng la céc cung cong trén S, va cdc “mit”
tuong tng 1a cc mién trén S dugc giéi han boi cic cung cong ndy. Mot phép
gan nhan cho cdc mat ctia D sé& twong Gng v6i mot phép gan nhén cho céc mit
ctia £ boi +P hodc —P. R6 rang tai m&i “dinh” ctia £ ciing ¢6 diing mot sb
chéin céc “canh” chira dinh d6. Khi d6 khang dinh ciia bai toan chuyén vé khéng
dinh c6 thé gan nhén cho cac “mit cong” ctia £ bai hai gié tri +P hodc - P sao
cho hai “mit” cong bét ky c¢6 chung mot “canh” luén dugc dénh sb khac nhau.
Dinh nghia: Ta s& goi mot cach gan nhén cho cdc méat cia mdt da dién cong G
trén S 1a “76¢> néu hai “mat” cong bit ky c6 chung mét “canh” ciia G ludn
dugc gan nhan khac nhau.

Chon mdt dinh K tily y ctia E. Ta bit dau di chuyén tir dinh K nay doc theo
céc canh ctia E. Trong qué trinh di chuyén nhu vay, khi di téi mot dinh ké tiép,
ta s& chon mot canh tiy y xuét phét tir dinh ké tiép nay, cho dén khi nao chua
quay lai m6t dinh ndo d6 ma ta da di qua khi bit diu hanh trinh tir K. Goi dinh
dAu tién quay lai 1a 4, tire 13 A4 1a dinh dAu tién ma hanh trinh di tr K dang
xét quay trd lai mot dinh d6. Mot doan ctia hanh trinh nay khi di tor A va quay
vé chinh n6 (1an dau tién) 1a mot duong cong 7 khép kin va khong tu cét trén
S.

Ta tam thoi x6a bo céc canh cia £ ndm trén 7" ra khoi tép cac canh cia £
(nhung giit lai cdc dAu mut cla cac canh). Khi d6 E tré thanh mot “da dién
cong” E' méi, trong d6 s céc canh xut phét tai mdi dinh hogc gitt nguyén (nu
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T khong di di qua dinh ndy), hodc giam di 2 (néu 7" di qua dinh nay). Tiép tuc
qué trinh trén ddi véi E', ta lai chon ra mot duong cong 7' khong tu cat, khép
kin va tam thoi x6a bé n6 khoi E'. N X
Qud trinh nay cur tiep tuc nhu vy doi vdi moi “da dién” cong méi. Chu y rang
sau moi mat budce, cic “mét cong” s& dan hgp nhat lai dé trd thanh mot “mat”
méi, va cac dinh ciia ddy céc “da dién” cong E, E',... s& dan din khong con la
dinh clia c4c “da dién” cong & cac budc tiép theo, néu khong c6 canh nao nita di
qua. Vi qua moi dinh ctia £ c¢6 ding mdt so chan céc canh chtra dinh d6, nén
sau mot s hitu han budce x6a bo cac dudng cong khép kin, qua trinh trén s& dliing
lai va trén mat cdu S khong con canh nao, va nhu thé cling khdng con dinh nao
(dinh hi€u theo nghta phai c6 it nhat 1 canh di qua no).

Gia sir cac dudng cong khép kin khong ty cat da bi tam thoi x6a bo khoi S trong
qué trinh trén 1an lugt 1a 7,7, ,,...,T;. Nhu vay da dién cong E c6 thé dugc
khoi phuc bang cach 1an luot dit trd lai céc duong cong 7;,7,,...,T, 1én mit S.
Goi “da dién cong” nhén dugc sau khi dat 7},7,,...,7, 1én1a E, (1<k <m).
R& rang mdi dudng cong khép kin khong ty cit 7, chia da dién cong E,_, thanh

hai phan khéng giao nhau la S; va S, . it E, = S.
Ta thyc hién phép gan nhan cac mét ctia E, theo quy nap nhu sau.

* Buée 0: gan nhén toan by mat cdu S boi duy nhit mot trong hai gié tri
+P hodc —P, vi du boi +P.

* Bude thir k: Sau khi dét tré lai 7, 1én S, ta doi nhan cua tat ca cac “méat
cong” hodc phan ctia cdc “mit cong” thude S, sang nhén d6i ddu ( +P thanh
—P va nguoc lai), con gitr nguyén nhén cia cic mit cong thuge S ,:' .

Ta s& ching minh khéng dinh sau.
Khang dinh: Tai moi bucce thir k, phép gdan nhén dugce thuce hién nhw trén doi

véi E, 1<k <m) laTét.

Chimg minh: Ta chiimg minh bang quy nap theo k (1 <k < m).

Burée co sé: Khang dinh hién nhién ding véi k=0, k =1.

Bude quy nap: Gia st khing dinh dung t6i & —1. Ta s& chiing minh khéng dinh
ding t6i k.

That vay, goi Ef 1a tap hop céc mit cia £, nim trong S, tuong tng. Khi d6
cac mit thudc £, chia thanh hai loai:

- Céc mit duoc gitt nguyén thira huéng tr £, (néu T, khong di qua céc
mét nay).

- Cac mit dugc sinh rakhi 7, di qua mat nao d6 ctia £, , va chia d6i mat
d6. Goi tap hop cac mit méi xuét hién do phép chia nho nay Ia N,'f

Theo gia thiét quy nap, phép gan nhan trén E_ la Tét. Vi khi dat 7, o lai, ta
ddi cac nhan trong cac mit thude S, sang gia tri ddi dAu, nén phép gan nhan la
Tét khi xét riéng déi véi Sy . RS rang, phép gan nhan khi xét riéng déi véi S
ciing Tt, do cdc nhin dugc gitt nguyén & phin nay.




Ta quan tdm t6i céc mién thuoc N, va N, , ¢6 chung nhau mét canh thudc T,.
R& rang mdi mién thudc N, s& tuong (mg mot cach duy nhit v6i mot mién
thude N, khi 7, chia d6i mot midn M nao d6 cua E, , : m§t mién s& c6 nhan
ddi sang trai d4u v6i nhan cia A/, mot mién duoc gitr nguyén nhan cia M. Vi
thé, phép gan nhan van Tét khi xét cac midn xung quanh 7;. Do d6 phép gén
nhéan 1a Tét & bude thit k& dbi véi da dién cong E,. Khéng dinh dugc hoan toan

chtiing minh theo nguyén ly quy nap.
Khi k = m, ta nhdn dugc phép gan nhan Tt trén toan bd da dién cong E, tuong
ling vi mot phép gan nhén Tt trén da dién D ban dau.

Ta tré lai bai toan.

Theo Bb dé, ta c6 thé gan nhén cho m&i mitcia D bdi mot trong hai gid tri +-P
ho#ic —P, sao cho hai mat bét ky cé chung mot canh luén dugc gan nhin khac
nhau.

Khong mét tinh tdng quat, ta c6 thé gia st mat / duge gan gié tri +P.

Goi §), S,, S 14n luot 1a tdng céc sb duge gan vGi céc canh ctia mat /' (duoc
gan gia tri +P), téng céc sb duge gan véi cac canh cia tit ca cac mat con lai
dugc gan gia tri +P, téng céc sb dugce gén v6i cac canh ciia tAt ca cac mit duoc
gan gia trj —P. Tacé: S, +S, =S; S,va S déu la c4c s6 nguyén duong chia hét
cho 2024. Suy ra S, =S —S, 14 s nguyén duong chia hét cho 2024 (BPCM).
Ch y: hoc sinh ciing c6 thé giai bang cach xét db thi G véi tap dinh 1a cac mit
clia da dién va hai dinh cia G ndi v6i nhau néu hai mit c6 chung canh. Sau khi
chting minh d thj G 14 ludng phan do moi chu trinh ddu c¢6 do dai chin, ta c6
thé ly luan nhu phan cudi cia 10i giai trén.

Tong diém Cau 7: 7,0 diém

Tong diém ngay 2: 20 diém




